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Problem 2. Number of Residues

Abstract

This problem is about calculating the cardinal of the value set over modulo
(Vf”) of integer-valued polynomials and in particular the value set of triangular
numbers. At the beginning of the paper we studied some properties of integer-
valued polynomials. Next we provided the exact formula to calculate the value
set of arbitrary integer-valued polynomial (question 4), and proved that #Vf" is
a multiplicative with respect to modulo function.

Thus we have the formula to compute the value set, in practice it’s very
complex and need too much calculations, and using formula we can’t find the
value set itself, so we also investigated more efficient algorithms to find and hence
compute the value set. Also we studied bounds for the value set.

In some particular cases of polynomials we can find explicit formulas for
#Vf". We provided such formulas for monomials, arbitrary linear and quadratic
polynomials over arbitrary modulo (which in particular solved questions 1 - 3).

In the last part we considered generalizations of the problem, we investigated
rational functions taking integer values in integer points and linear functions of

several variables.
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Definitions and initial statement

The initial statement of the problem was the following:

z(x+1)

e Questions 1-3. Calculate the value set of triangular numbers f(r) = =5

over modulo.

e Question 4. Calculate the value set of arbitrary integer-valued polynomial over
modulo.
e Question 5. Suggest and investigate related problems.

For comfort we’ll have some definitions:

Definition 1. Denote by V" the set of values that function f may take over modulo n
and #V;" is the cardinality of V.

Definition 2. Denote by S} number of solutions to the congruence f (x) =0
(mod n).

Definition 3. Let Int(Z) be the set of all polynomials with real coefficients taking
integer values in any integer point.

1 Introduction

In this section we study properties of integer-valued polynomials and properties of
value set cardinality needed for further research.

1.1 Classification of integer-valued polynomials

Theorem 1. Fvery polynomial f € Int(Z) can be represented in the form

- x
i =>0(;)
k=0
where m = deg f and t, € Z. [

It’s easy to see that polynomials (z) are integer-valued. Since there exists exactly
one polynomial (g) of each degree, then any polynomial from R[z] and the more from
Int(Z) can be represented in form:

f(a:):itie):tm(;)+---+t1(f>+to, (1)

=0
where t; € R and m = deg f.

Show by induction on k that if f € Int(Z) then t, € Z. We have f(0) = t, € Z.
Suppose t; € Z holds for all # < k. Then f(k+1) = > "t (kfl) For ¢ > k+1
there holds (") =0, hence f(k+1) = M0 (") = tpa + 0 o t:(*T1) € Z. As

flk+1)€Zand 35 t;(*T") € Z we have tj,, € Z. R

(2

3



1.2 Properties of integer-valued polynomials

Proposition 1.1. Integer-valued polynomial f € Int(Z) of degree d = deg f takes
all possible values modulo n on numbers 0,1,... nd! — 1.

[0 To prove it show that f(z) = f(z + nd!) (mod n). From theorem 1 there holds
f=tq4 (fl) 4+t (f) + to for some integer ¢;. Consider the difference

f(@+ndl) — f(x) =

— 4 <x +d”d!) —tg @) +t (x +1”d!> —t G) ft(l-1)= (2

ba ((x +nd)..(z+nd —d+1) —z(x—1)..(z —d+1)) + -+ t1(z + nd — z).

d!
Each summand is of the form %(A — B), where A = (z + nd!)...(z + nd! — i + 1)
and B = z(x — 1)...(x — i+ 1). Note that after removing the brackets each element
from B will also be in A multiplied by —1, and each element from A that is not in
B will be multiplied by nd!. Thus ’i—,(A — B) can be written in the form %(Cnd!) =
t;Cnd(d —1)...(d—i+1) =0 (mod n). So f(x +nd!) — f(z) =0 (mod n). A

Proposition 1.2. To calculate the cardinal of the value set of f(x) € Int(Z) over
modulo n, it’s the same that to calculate the cardinal of the value set of df (z) with d €
7, over modulo dn, where d is the smallest positive integer such that all coefficients of
f are integers (and from theorem 1 follows d | (deg f)!).

2 Exact value for #V

In this section we provide explicit formula to calculate the value set and prove that
#V;" is multiplicative with respect to modulo function.

2.1 Exact formula

From proposition 1.2 for every integer-valued polynomial there exists a polynomial
with integer coefficients with the same cardinal of the value set. So we consider poly-
nomials with integer coefficients.

Theorem 2. Let f € Z[x] and n € N, then the following holds:

n—1 /n—-1n-1 ¢ -1
B =nY <Z exp | 2mi—(f(u) - f(v))D . (3)
u=0 v=0 t=0
*brackets [...] just for clarity



(1 To prove the formula we’ll use basic knowledge of graph theory. It’s clear that
the polynomial takes all it values in points 0,...,n — 1. Consider an undirected graph
with vertices as residues modulo n and edge between u and v means f(u) = f(v). Note
that it consists of several connected components and each of them is complete. The
number of components is the cardinality of the value set of f. To calculate the number
of components (i.e. #V}') we can set in each vertex u the value which equal to the
cardinal of component containing u powered —1, thus sum of values will be equal to
#V;'. Or it can be written as:

-1 -1

n—1 n—1
#VP =D >, 1] =n), 2. (4)
u=0 \w:f(u)—f(v)=0 u=0 \wv:f(u)—f(v)=0

Show that sum Zv:f(u)—f(v):() n can be rewritten in the form

Sy iy exp [2mit (f(u) = f(0))] 16 F(u)=F(v) £ 0, thenexp |27t (F(u) — f(v) | #
1, thus this sum is sum of first n members of geometric progression with ratio r =
exp [2m%(f(u) — f(v))} and first member a = exp [27rz'%(f(u) — f(v))} =e = 1.
Hence this sum equals

g (@)

1T mit(f-r) _ [as (f(u) = f(v)) is mteger] =0 (5)

In case when f(u) — f(v) =0, exp [27ri%(f(u) — f(v))] = 1 and then
S, exp [27?2%(]"(10 — f(v))] = n. Thus we have:

v nnf1 (nl — — [ng(f(u) — f(v))}) u

u=0 v=0 t=0

2.2 Multiplicativity

Theorem 3. Let f(z) € Z[z] and n € N, then #V}' is multiplicative with respect to
n function.

[ By definition #V}" is defined for every natural n and #Vfl = 1. Let n = px*q with
(p,q) = 1, show that #V* = 4V« #V/. Consider mapping ¢: Vi’ x V! — Z,, as the
following ¢(a,b) = ¢ where c is the solution to the system

{azc (mod p)
b=c (mod q)

by Chinese remainder theorem there exists exactly one such ¢. For each pair (a,b),a €
VP, b € V{ there exist x € Z,,y € Z, such that (a,b) = (f(z), f(y)). So by Chinese

remainder theorem there exists z € Z,, which is solution to

{mzz (mod p)
y==z (mod q)



As f is a polynomial with integer coefficients and f(t) = f(t+m) (mod m) then f(z) =
f(z) = a (mod p) and f(z) = f(y) = b (mod q). Therefore f(z) = ¢ (mod pq). So
c € V=V and ¢ is a mapping to V.

By Chinese remainder theorem for each c¢ there exists a preimage ¢ '(c), so ¢ is a
surjection and ¢((u1,v1)) = ¢((ug, v2)) implies (uy,v1) = (uz,v2), SO ¢ is an injection.
Therefore ¢ is a bijection. Hence # V" = #V x #V{, thus #V}' is a multiplicative
function. W

Corollary 3.1. If n = p™* % --- % pp*, then to calculate #V;' it’s enough to calcu-
late #pr " for all 4 and multiply the values.

3 Algorithms to find the value set

Despite the fact that theorem 3 provides explicit formula to calculate the value set,
in practice this formula is very complex and for d = deg f and modulo ¢ needs O(d*¢3)
simple operations to be computed. In this section we suggest more efficient ways to
find (and hence calculate) the value set over modulo. From corollary 3.1 we assume
that the value set is calculated over prime power ¢ = p™, which in practice significantly
accelerates algorithms.

3.1 Naive algorithm

Proposition 4. The value set of a polynomial of degree d over modulo ¢ = p™

be found in O(d *p™).

can

U This can be done using very simple algorithm. For every x € Z, we calculate the
value of f(x) over modulo ¢ and memorize it. Then for every y € Z, we check whether
y was memorized. Obviously this algorithm will find the value set. There are O(p™)
in Z,m and each value is calculated in O(d) and memorized and checked in O(1). So

total runtime is O(p™) * O(d) + O(p™) * O(1) = O(p™ *d) + O(p™) = O(d *p™). A

3.2 Lifting algorithm
To provide more efficient algorithm we’ll use a result known as Hensel’s lemma [4]:
Hensel’s lemma. If a € Zye is a solution to f(x) =0 (mod p®), then, where f'(x)

is the derivative of f, this solution lifts to a solution to f(x) =0 (mod p°*1), depending
on whether p | f'(a) and p*™ | f(a):

e if pt f(a), then f(z) = 0 (mod p*™') has the unique solution v = a + tp°

(mod p®*t) where t is unique solution to the linear congruence

tf'(a) = —f;?

(mod p);



e ifp| f'(a) and p™' | f(a) then f(x) =0 (mod p*™') has p distinct solutions of
the form x = a + tp° (mod p*™') witht =0,...,p—1;

e if p | f'(a) and p*™ ¢ f(a) then f(x) = 0 (mod p°™) has no solutions which

reduce to a (mod p®);

Lemma 5. A polynomial congruence f(x) = aqz® +--- 4+ a1z +ag = 0 (mod p™)
can be solved in O(p + Sp +d>m! Sp ).

[0 The algorithm to solve the congruence have m steps. On step ¢ (counting from 0)
we have the set of solutions to f(x) =0 (mod p?).

Initially we have one solution x = 0 (mod 1). On first step we try all the numbers
0,...,p—1to be the solution of f(z) =0 (mod p). On each other step we use Hensel’s
Lifting lemma, and from each solution modulo p’ we lift solutions to (mod p'™t).
Finally we’ll have solutions modulo p™.

On each step despite the first for each solution we find solutions by the higher power
of p in O(d) operations, by calculating the values of f and f’. On first step we have
O(p) operations.

Thus totally there are O(p + Sp +dYm! Sp ) operations. W

The algorithm, we provide is more effective than the trivial one for polynomials with
Vi < min(p, d).

Theorem 6. The value set of a polynomial f of degree d over modulo p™ can be
found in O(p * #me + #V;’m x4 dxpmlx #me).

[] The idea is not to consider residues, which values are already in the value set.
We'll have two types of marks for residues of Z,~, mark of first type to show that a is
in the value set, and mark of second type to show that we have no need to consider a.

Let step over all elements of Z,~ from 0 to p™ — 1. Suppose a is considered. If a is
marked with second type mark, we skip a and go to the next step.

If @ is not marked, we make a mark of first type on f(a), to memorize that f(a) is in
the value set. Then we solve polynomial congruence f(z)— f(a) =0 (mod p™). Roots
of the congruence if the elements of Z,~ which have the same value as f(a) (including
a itself). So we mark all the roots with the second mark and go to the next step.

In the end of the algorithm the value set if numbers marked with first-type mark.

Totally the algorithm have p™ steps. And there are #Vf " steps which is not skipped
(i.e. mot in O(1)). On each such step we calculate the value of f which is O(d) and
we solve the congruence, which is O( + Sp +d> ! Sp ) As we consider every
value from the value set only one time, sum of all Con81dered roots of congruences ng

is O(p™). In the sum 77" Sﬁ?i there holds S‘}’i < p', hence sum of all such sums is
O(#V;’m Syl = #V;’m * p™~1). Thus total asymptotic is

OV  *p+ D Sy Tdx#V] ") =

pm
teVy

O(p*#me +#me *p™ 4 dxp"t *#V;’m).l



4 Bounds for #V}

4.1 Bounds for product of primes

Proposition 7. For f(x) € Fplz], d = deg f there holds § < #V7 < p.

(] It’s clear that #Vf’ < p since there p elements in the field.

As F, is a field a polynomial in F,[z] of degree deg f = d can have at most d roots.
So for every o € V} there exist at most d such 8 that f(3) = a. And as all such roots
B to f(B) =aforall o€ Vf form the field, we have:

p<#Vixd = #V7 > -1 (6)

SHES]

Corollary 7.1. Since #V;" is multiplicative function then for modulo equal product
of primes n = p; * py * - - - * p;, there holds:

DP1*p2*---*D
dF

d < #an <n.

5 Particular cases

In this part we obtain better or more explicit results for #qu in some particular
cases of polynomials. Using proposition 1.2 we suppose that polynomial f have integer

coefficients, and using corollary 3.1 we suppose that modulo is power of prime ¢ = p™.

Lemma 8. Linear transformation g(x) = ax + b maps set of residues T C Z,, into
the set with the same cardinal, if (a,m) = 1.

B [t's enough to show that g(x) are different for all x € T. Assume a contrary,
let there exist v and v, such that u Z v (mod m) and g(u) = g(v) (mod m). Then
we have: au +b = av + b (mod m) <= au = av (mod m). As (a,m) = 1 by
Euler’s theorem there exists element a='. Hence a 'au = a tav (mod m) <= u=v
(mod m) which is false by assumption, therefore assumption is wrong. O

Corollary 8.1. For linear transformation g(x) = ax + b with (a,m) = 1 there holds
Vis, = V", since the set of residues is mapped into itself.

5.1 Monomials

Theorem 9. Let f(x) = z%, and p > 3 be a prime, m € N and 1 < k < d and
k=m (mod d), then

W = gt (7 () ) 2 1

(d7 (p - 1)pk+d_1 pd —1 (du (p - 1)pk_1>



[ Consider congruence 2% = a (mod p™). Let g be some primitive root over modulo

p™, since p is a prime > 3 such primitive root exists [1]. If (a,p™) = 1 then there exists
a number indya, such that g"%s® = a. Hence

indyz? = indya  (mod ¢(p™)) <= d ind,z =indya (mod (p™)) (8)

Solution to this congruence exists if and only if (d,p(p™)) | indga. Clearly there
exist exactly

e(p™)
(d, p(p™))
such numbers. So f(z) = 2 takes exactly % values which are coprime to p™.
(™
Consider values which are not coprime to p™. Let m > d and 2% =t (mod p™), with

tip. Then xip <= 2¢:p? <= t:p? Hence the congruence ¢ =t (mod p™) has

the same number of solutions that the congruence (/)% = (mod p™~%).

Let m < d and ¢ =t (mod p™), with t:p. Then z:p <= 2?ip? < tip!
t =0 (mod p™). So in these case there exists exactly one number from value set which
is divided by p. Therefore we can calculate #Vf’ recursively

e p(P™) pr—d
= ey T ®)
for m > d with initial values #prm = (dso;z();:z)) + 1 ford < m.

Let 1 <k <dand k=m (mod d). Note that (d,p") = (d, p'*?) holds when ¢ > d.

o™ e (™) p(r") _
=) T e T T W) T e T
_ (p=1pm! (p—Dpmt (p—1pt! a
AR O RO = R PN ey S
. (p— 1) m—1 m—d—1 ktd—1 (p 1) ol
= [op - ey @ P e ) ey L

Easily to see that sum (]Dm*1 +pmdl L +pk+d*1) has L%J elements if d  m
and [%J — 1 if d | m, and in general it can be written as Lm—_lj Then, since the sum
is a geometric progression, for that sum with initial value p**?=! and coefficient p?,

hence:

N et VR (PSP it T WP ki
o <¢@—1W““”<p ( Pl >>+K¢@—¢mmw+1'(”>

5.2 Linear polynomials

Consider polynomial f(z) = az + b over modulo ¢ = p™. Using lemma 8 we assume
that b = 0. Then two cases are possible:

o if (a,q) = 1, then using lemma 8 we have #V/ = ¢

9



e if (a,q) = g > 1, then we can divide both modulo and coefficients of f and go to
the first case #V/ = #V;//; =q/g

Proposition 10. If f(x) = ax + b, with a,b € Z then #V] = (aqq)-

5.3 Quadratic polynomials

Consider polynomial f(z) = ax®+bx+c with integer coefficients over modulo ¢ = p™.

Analogously to the case of linear polynomials we assume that ¢ = 0 and (a, b, p™) = 1.

Theorem 11. Let f(x) = ax® + br € Zlz],q = p™ then #V} can be calculated in
following way:
o ifp=2
— #V{ =27, if a is even and b is odd;
— #VI=2m"1"if both a and b are odd;

— #VI=|%]+2, ifais odd and b is even;
e ifp>3

_ #VJ? =p™, if a is divided by p;

- #V{ = BZZ—E)J + 1 otherwise;

(] Let ¢ = p™ with arbitrary prime p.

Consider case, when a = 0 (mod p). Show that all values of f(z) forz =0,1,...,p"—
1 are distinct. Suppose a contrary, let there exist such v and v, that f(u) = f(v)
(mod ¢) and u # v (mod ¢). Then

m

au® +bu=av’ + v (mod p™) <= a(u+v)(u—v)=—blu—v) (modp™) (12)

Right part of the congruence isn’t congruent to 0. And as a is divided by p, p divides
left part in greater power then the right one. Hence they can’t be equal and all values
of f(x) are distinct and therefore #qu = p". This proves cases p > 3, with a divided
by p and p = 2, with even a and odd b.

In the next part let p = 2.

Suppose, that both a and b are odd. Note that for both odd and even z f(x) is
always even, so Vi < 2™~'. Show that all values of f(x) for odd » = 1,...,2""!
are distinct. Suppose a contrary, let there exist such odd u and v, that f(u) = f(v)
(mod ¢) and v # v (mod ¢). Then

a(u+v)(u—v)=—=blu—wv) (mod2™) (13)

10



And as left part of the congruence is not zero and v + v = 0 (mod 2) and a,b Z 0
(mod 2),2 divides right part in greater power. So they can’t be equal and all values of
f(z) for odd z are distinct and then #V{ = 2!

Let a be odd and b be even. Then there exists element ™! and b = 2V and we
can rewrite f in the following way: f(z) = ax? + bz = az® + 20z +a 0> — a 0* =
a(z? + 2a7Wr + a”2?) — a ' = a(r + a7'¥)? — a7'¥?. And from lemma 8 and
corollary 8.1 #V/ = #V,.

Consider congruence 22 =t (mod 2™). It’s well known that odd residue is quadratic
residue over 2 if and only if it’s of form 8k + 1 [1, chapter 22]. And in case of even
t = 2k, we have 22 = 2k (mod 2™) <= 4(2)® = 2k (mod 2") —= ° =k
(mod 2™~2) for some 2/, K.

Therefore we can calculate V:C%m recursively in the following way:

m

V22m=— Vv
T 8+x

2m—2

2 :2m_3+V

T

2m—2

> (14)

with initial values V2 =2, V3 =2 and V2’ = 3.

So for odd m:
VE =omt o 4224 f(3) =
—om=3 yogm=b 1 . 19219049 (15>
4" 1 om-1 _1 2" —2 2
- 2=~ 4o= 2=1% |12
-1 3 6 L6J+

And analogously for even m:

Vx22m:2m_3+2m_5+"'+21+f(2): (].6)
—24%2_1+2—2m71_2+2—2m_4+2— il
T 41 B 3 6 |6

Now let ¢ = p™, with ¢ > 3.
As (2,p™) = (a,p™) = 1 there exist elements 271 a~
complete square:

1. So we can rewrite f as
az® + b = az® + bo + 2%V — 2% = a(z + 2_1a_1b)2 —27%7 " (17)

From lemma 8 and corollary 8.1 V/ = V3.
Using the formula from theorem 9, with d = 2, we have

#‘/:Ep;” _ (p—1) ) <pk+2—1 (&)) N (p—1)pF? .

(2, (p — 1)prt2-t p*—1 (2,(p—1)p1)

Note that (2, (p — 1)p**271) = 2. Since k = m (mod d) and 1 < k < 2, two different
cases are possible.
Odd m and k = 1:

11



N . 2| | _
47 :(pzl) <p2<p — 1>>+(p21)+1:

(p—1) (pz(fL__l>+1>+1=(p_l) (pm+1_p2+p2_1>+1= (18)

p*—1

Even m and k£ = 2:

v~ @1 <p3 <M>) Lle=bp oy (19)

2 2 —1 2
1 m+1l .3 3 m4+1 m+1
(p—1) (p AP P L _ (P Py 1= -2 | 11m
2 p?—1 2(p+1) 2(p+1)

Corollary 11.1. Using theorems 3 and 11, we can compute the value set of trian-
gular numbers in the following way:

VE(’ZZH) — V2m+1 — gm (20)
2

x24x

m—+1
P 2™ /2 P b
Vawin = Vorie = Vargo * Vorio = {mJ +1

6 Generalizations

6.1 Rational functions

We are interested in the problem of calculating the value set of arbitrary integer-
valued rational function. It turned out that any such function is in fact an integer-
valued polynomial.

Definition 4. We say that a polynomial g(x) € Rlx| is almost integer-valued, if
Ve>0dn.: Vn>n.3dM, €Z: |g(n)— M,| <e.

Lemma 12.1 Let g(x) € R[z] be almost integer-valued, then g(x) is integer-valued.

(] By induction on degree d show that any almost integer-valued polynomial of degree
d is integer-valued. For d = 0 we have that g(x) is constant and hence it’s an integer.

12



Suppose the statement of the induction holds for d — 1, prove it for d. Consider
an arbitrary almost integer-valued polynomlal g(x) of degree d, and the polynomial

Ag(z) = g(z +1) — g(z). We get g(z) = S0 0752(1) where t; are real, so we have:
wir-se-sa-£((7)- ()
Zt—j((xﬂ) @it D) —a@—1).. (@ +1—i)) = (21)

d d
t; . T
Zﬁ(zx(l’—l) (x—z—l—?)):Zti(i_l).
Let’s prove that polynomial Ag(x) is almost integer-valued. Choose arbitrary ¢ > 0,
then In.: VYn >n.3IM, : |g(n) — M,| < e/2. Hence Vn > n. we have
|Ag(n) = (Mn1 = M) < [g(n+ 1) = Mapa| + [g(n) — M| <e/2+¢/2 =¢.

Consequently Ag(z) is almost integer-valued, and then by induction it’s integer-
valued. So by theorem 1 ¢y, ...t are integers. Suppose ¢, is not integer. Since g(x)—tg
is an integer-valued polynomial, so g(z) is not almost integer-valued. Hence ¢ty € Z. B

Theorem 12.2 Let R(x) = ( be a rational function, where f(z),g(z) € Rz],
taking integer values in integer points. Then R(x) is integer-valued polynomial.

v

[0 Divide f by g with remainder, will get R(z) = px(z) + r(z), where pj is a poly-
nomial, such that degpy(z) = k and r(z) — 0 when  — oo. Then pi(x) is an almost
integer-valued polynomial. And from lemma 12.1 we have that py(z) is integer-valued.

Show that r(z) = 0. Since pg(x) is integer-valued, so r(z) € Z for x € Z and
r(z) — 0 for © — oo, we have that r(x) have infinity many zeroes. But a rational
function having infinity many zeroes is identically equal to zero. B

6.2 Linear functions of several variables

Proposition 13. For a linear function f(x1,...,25) = a121 + asxs + -+ - + agxp + b
the following s true

(a17a27"'7ak7n)'

O It’s clear that #V[' = #V, where g(x1, 9, ..., x) = a1y + AT + - - - + Ty

If (ay,aq,...,a5,n) = d > 1, then from properties of congruences, we have #Vi =
n/d
Vi

In case (ay,as,...,ar,n) = 1 there exists at least one such a; that (a;,n) = 1.

Consider that a;. Obviously we have #V* > #V .
And since #V*, = n for (a;,n) =1, we have n > #V' > n <= #V' =n. Thus
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