Minsk, Belarus 2009

Ne4. Minimality of Inscribed Polygons

Nel. A

Can the area of 24151C1 be less than area

of any of three triangles
A ﬂﬂfiﬂ,ﬂﬂiﬂif,ﬂﬂifiﬁ?

Answer: No, it can’t. Let's prove it.

Suppose AA1B €y g inscribed in ﬁABC,
and  SAd.EC, < MiN{Suapc,Snac s Saa,ce )
A — ¢ Denote ¥ =FBiN A0y Denote the height
dropped from the vertex B in 844045 by f2 and
the height dropped from the vertexB1 in 84181 €y

by R4, Notice that
‘S‘M-_.E-_I'__-_ = SM-_.E‘I'__-_ = h’l -Alfl = h-: -Alfl =] h’l < h: =] Bl.i[{ -sinsl < BK -5ins2 = Bl.i[f = BK

. (-£1 = 52, because they are  vertical). Similarly, it can be shown that
M = CC:L IIHIAIEI = C:LM = EM_. N == AA:L i Elfl = A:LN = AN

Denote the middle points otAB,BCAC by P,Q.R respectively. Now notice that

€, € [PE]
{Al € [BQ] = BK =B K, (because A1C1 lies above the middle line).
Ej_ E[AP] [By € [AR] - CM = ;M
1 €[QC]'IB, € [RC] ~ |AN = A4N

Without loss of  generality  suppose Cy € (AP), A, € (BQ), By € ":CR:}. Denote
ACi=0a,C,B=bBA =cAC=d (B =eBA=f  b>af>ed>c

aec+fb
'
b

Put masses into vertices of the triangle the way like on the figure above. Thus we obtain that the

mass center of 24BC Jies on #1C1 and on 551, 1e. K is the mass center.
Therefore B = KBy & aec + fbd < ebc + fbe.

Put masses in vertices of 24BC the same way so that the mass center is in the pointM or V-
Then we have CM = MGy = aec + fbd < bed +ade

AN > NA, = aec + fbd < adf + acf.

So the assumption that Saamc, < MiN{SaascsSascs Smcel i equivalent to the next
system
aec + fbd < ebc + fbe
aec + fbd < bed + ade(1) = 3aec 4+ 3fbd < ebc + fbec + bed + ade + adf + acf =
aec + fbd < adf + acf

= Wac—bd)le—F) <le+f)(b—a)c— d}'(*)

b= a ac —bd < 0
e—fF =0
But: J‘; 6= h—a =0 »consequently (*) is wrong, so at least one inequality of the system
=
© \ec-d=o

(1) doesn’t hold, so our basic assumption is wrong.
Then Sc.A;BL € = min {SAA;EG_ ; Sﬂ.AG_ By» 5._«.‘4,_ CEy ] for any inscribed A4 B Gy



Nel. B.
1) Can one of three angles of 84151€1 be smaller than any angle of
ﬂﬂCj_Bl,ﬂBj_ﬂiC, ﬂﬂifiﬁ?

Answer: Yes, it can. Show that for any AABC there exists such
A4;BCy

A

A By c

Denote a middle point of the sideBC by A1, Move the points By and C1 towards the vertex
with the condition B1C1 | BC we see that the lengths of AB1 and AC1 are bent on 0. Since
2B A,C = LAAli" L0 4B — LAAlE’ so £0144B) =m — 2B A C — £ 0 A B = 0 (*). Now we’ll
show that £€14151 can be smaller than any angle of AMAC1 By, AB A1 € A4 G B

Indeed, angles £C1ABy, LAC By = LABC, LAB Gy = LACB (BiCy I BO) e constants. Under
the conditions of (*), we can obtain the angle which is smaller then each of them£C141B and £B14,C
are bent on a constant positive value of LAA B gpg £AA4C respectively because we can moveC1 and B1
to 4 as close as we need to. Also £EB14y = £CAAq gnq £BC1Ay = £BAA1. 30 we can choose such a
position of €1 and B1 that £C141581 will be the smallest among angles of "'1"31151'51’
AAC B AB A CLAA Gy B

2) Can a height of AA151 €1 be smaller than
any height of AAC1 By, ABy A4 €, 444 (4 By
Answer: No, it can’t. Let’s prove it.

K c Hy AL Hs B

Suppose AA1B1 (4 g inscribed in A4 BC. Consider its smallest height. Since s = % Ra* @ then the
smallest height of triangle is dropped on the greatest edge. The greatest edge of triangle lies opposite the
greatest angle. W. 1. 0. g. suppose £B141 €1 i the greatest angle of 4415101 Then the height-’qu! isn’t
longer than the other heights ofBA1B1C1 Also £B141€1 can’t be an acute angle in a not acute-angled
triangle because £B8141Cy ig the greatest. So Hz lies strictly within the segmentBlCl. Let’s draw heights
BiHy and Cifls i AB1A1C and AA1C1 B There are 2 cases:

1. BiCi ¥ BC Then suppose K = B1C; N BC Assume K lies on the elongation of BC behind

the point € Notice that AKF1Hy ~ AKHyA; by 2 angles. And since KHy = KBy = KHy e
A H;
have g, H, Z 1 The case when ¥ lies on the elongation of BC behind the point B can be

considered in the same way®
2. BiCy Il BC Then A1Hz = By H g the distanse between linesP1C1 and 5C m

A
3) Can a median/bisector/zhergonian of 2415101 pe smaller
than any median/bisector/zhergonian otdAC By, ABy A1 €, A4, C4 By
Answer: Yes, it can. Let’s show that for anyﬂ"*‘!"BC there exists
By — G such AA1B1Cy
¢ . ) W. 1L o g let £BAC pe the greatest angle of AABC

Consequently the angles’iﬂﬂ C, £BCA are acute (*). Move points By and C1 toward the vertices € and B
respectively along the sides ofAABC with the conditionB1C1 | BC et A1 be the point of intersection of
the middle perpendicular to the segmentBlCl with the side 5C. It means that #1581 = 41C1, Thuys the
segment AH 5 height, median, bisector and zhergonian indA1 54 Cy.



Let us prove that the coordinates of the pointﬂi are
bent on the coordinates of the middle point ofBC as we
move points B1 and €1 to vertexes € and & respectively.
Indeed middle points H) of all such segments By Gy I BCje
on the median AM of AABC This yields that the case
AB = AC 5 obvious. Consider the case B # AC The

c A1 A AcM B length segment*’ilH is bent on 0 as we move points By and
C1 to vertexes € and B then the length (like the distance
between 51(y and BC)‘ All My A1y re similar, so we have [MA1[— 0 ®

Now let’s prove that we can choose such pointsBi and C1 on sides AC and AB respectively that

the length of A1H is less than the length of any median, bisector and zhergonian of
AACy B, ABy A;C,AA,C, B

If we approach points B1 and Ci to vertices C and B respectively then the lengths of medians,
bisectors, zhergonians in AAC1 By gre bent on constant values of lengths of this chievians indABC we
can make the segment*"qi‘L—|r as short as we want (it follows from above). Consider the chievians leaving
from the vertex A1 of AB1A1C A4 CB. Lengths of this chievians are not bent on 0 because the
coordinates of the point 41 are bent on the coordinates of the middle point o1ZC as we move points By
and €1 to vertexes € and B, we can say the same about A1 Cq, Ay By (they are greater than distances

between A1 and sides A€ and AB which are bent on distances between™ and them). Also we can make
A]_Cl = Bcl_. AIBI E= CB:L because |BC:L| — ﬂ_. |CB:|_| — ﬂ Then

g notice that the heights B1Hy and C1H2 which are equal to AtH gren’t

medians, bisectors or zhergonians inAB14;,C and A4, G4 B 1t means
| that lengths of these heights are less than these chievians. Now
e .t  NC consider the similar chievians from vertexes ¢ and B of

i U AByA;C and A4,C;B respectively. Notice that none of them is
smaller than the height dropped from the correspondent vertex. Also
notice that if £€B141 = 90° £A1C1B = 90° then the feet of heights
Ry and M2 is situated either at vertexes 51 and €1 or on elongations of the sides of the triangle behincB1

and €1 respectively (under the conditions of (*)). So we havelHs = BiHy gnq BHs = CiH; pecause
ACH3A; ~ AHyBiAy AH,BA; ~ Ay CiHy gng CA; > A1By BA; > 4,

hs

»] N
c H, Ay H»

R
=]

=1 (the greatest angle is opposite
the greatest edge). Lengths of chievians which are drawn from vertexesC and B are greater than the

length of AtH pecause BiHy = CiHy = A H Finally, we need to show that we can obtain

£CB Ay = 90° £4; B = 90°. |BCy| — 0, [CB1] — 0 when we moveBt and €t to vertexes € and B
. CiBsinidABC _ . BiCosincACE

respectively. Since £C34 B = arcsin T Al £B4,C = arcsin A.B, and #4101, 4151 gre

bent on MB and MC respectively, then we see that £€141B and £B141C are bent on 0. Under the

conditions of (¥) we can choose such positions of points Bi and €1 that
£C0B1Ay =2 90°, £ACB=90° m

A

4) Can the radius of the circumscribed circle
of 8415101 pe smaller than radius of the
circumscribed circle of any of three triangles
AAC, By, ABy A C,AA;Cy By

Answer; if AABC jg acute-angled or right,
then it can’t. IfAABC jg obtuse-angled, then it can.

Denote radii of the circumscribed circle of
AA4ByCy, AAC, By, AA,C1B,ABy A C by

Ro, Ry, Ry, Ry respectively.
So we have:




X } X

R, >R, 91;1_'1 Eit;_ff-: singy >sine
R, > Hye= Bmg:}smgiﬁ{ﬂlﬂﬁl}‘S]I.Ilﬁ(l)
Ry>= Ry = ., _= sinyy = siny
Einy Einys
- o > a
1) Suppose & By = 2, then if (1) is true, then [ﬁl :; B is also true, and so
L

n=mt+thtynrat+tft+ty=mn
So the original statement is wrong.

W T
2) Let® 7280 B Y =7,
Let’s show that there exists such
8418104 that (1) is true. Let P, Q. Ay

be middle points of sidesAB,AC,BC
respectively. Notice that the angles of

A4 QP gre respectively equal to the

angles of AABC Consider
By € AQ, €1 € AP gych that

¢ Bl PO Thys
Aq LB = L0 = =y + @
and 215141 = 281410 = 1 = B+ @2 (see the figure). Also<P14181 =01 = & — @1 — @2 Notice,

T T T - o
that if @ > % =35 B <P =3 ¥ <¥1 =7 then (1) is true. We can make® = %1 =3 B <f1 =3

B

T
V=rn= 7 if #1- 2 can be infinitesimal. This Fact is true because we can move pointst €1 to the

points QF respectively as close as we want. SoB1@ =0, 4P = 0wy approaching of B1,C1 and

. CaPeinln— . B Qesin{n—
L0 A4 P =9, = ﬂT‘ESlTlM =0 £CB,0 =9, = ﬂTESlTIM

therefore - ﬂ, because

A1 A1B1 gre not less than distances between#1 and lines A5, AC respectively ®

Ne2.
B1 By« Bmis inscribed in a convex polygon‘qlﬂi wtly 3EM= n so
that 4142 Axis divided into™ + 1 parts. Can B1B; B have smaller diagonal than any diagonal of
any such part? (if this part is not BB ..
Answer: Yes, it can.

1) A convex polygon

-Brm then let us call it an outside polygon)

Let 3 =™ <M because inscribed polygon and at least one outside polygon must have at least
one diagonal.

Solve this item of our problem for the case, when there exists the only least element in the set of
all diagonals and edges of A1z Ay
Consider the case when this is the edge ofi1dz - An W,
l.o. g let A243 be that edge. Now determine the positions of three
B1B; ... B, Suppose By Jies on Alﬂz, B,
lie onAEAEI, B3 lie on #4344, Move points B1 and 3 to vertexes 4z
and 412 respectively with the condition242 || B153 Notice that
A A, the length of the segmen 5183 will be bent on the length ofd2As,
—_— e = = = So under the conditions of minimality o#*243 we can choose such

positions of points B1 and B3 that the length of B1B3 will be less than the length of any diagonal and any
fAlz‘:!.: e A

A B, Az

o e vertexes of the polygon

n except A243 We can choose position of the vertexBz on 4243 arbitrarily and then
BiBajsq diagonal of By B3 «.Bm_place other ™ ~ 3 vertexes of the inscribed polygon on other edges of
A1A7 w An and move each of them to one of two the endpoints of a correspondent edge. Prove that there
is no outside polygon that has a smaller diagonal than®183_ Consider an arbitrary vertex Bt # 2 1t

be on the edgeAJ'AJ' Aj#1 This means that lengths of segments
BiAplk=j,j+1)

B

edge o

*1' And we move it, w. 1. 0. g., to the point

Aj+14% Consider outside polygons which have the

i* Lengths of their diagonals are bent on lengths of correspondent segments (edges or diagonals)

are bent on lengths of segments
vertex



inA142 e An T lengths of diagonal in outside polygons can differ from those segments infinitesimally.
So we can choose such position of B that any diagonal of an outside polygon with the endpoints in the

B ByBs

point “i will be greater than

Now consider the case when the least element in the set of
all diagonals and edges ofd1dz - An g a diagonal. Let Apdg be
this diagonal. Then we’ll place 4 vertexes (1e151’ B2, By, Br+1pe
them) of B1B2 v Bm o edges ofﬂlﬂ’I e A,, as one can see on the
figure. And we’ll moveB1 and Bs o ?’ Bk and Byz1 o 44
Notice that lengths of segments By By, ElEHlJ B, By, EcEHl are
bent on the length of"{l?"'!1
— Agu we can choose such positions ofB1r B2, B Bie+1 that the length of

any of the segments By By, B1Bys1s BaBys B1Br+1 will be less than

Alfq"‘ e An except A A‘? We will place Otherm -3

4. So under the conditions of minimality of

Ap>1— -

the length of any diagonal and edge of vertexes of an

inscribed polygon on other edges o142« An and move each of them to one of two vertexes, which are
the endpoints of a correspondent edge. Prove that there is no outside polygon that have smaller diagonal

than any of the segments By Bys B1By+1y B2Brs B1Br+1, Consider an arbitrary vertex B,. Let it be on the
edge 4,4, And we move it, w. 1. 0. g., to the point4 . This means that lengths of segments

B, A (k' u,v) are bent on lengths of segmentsy 4,. Consider outside polygons which have the vertex

B:. Lengths of their diagonals are bent on lengths of correspondent segments (edges or diagonals) in

Ardg e Ap e lengths of diagonal in outside polygons can differ from those segments infinitesimally. So

we can choose such position ofBi that any diagonal of an outside polygon with the end in the poinBi

E:I.Ek.l ElBk+1J EEEJ{J EE

will be greater than any of the segments Bi+1, Therefore the initial proposition

is proved.

Alﬂj "'A:—:J J=m=n

2) A convex polygonBlB2 ++Bm i inscribed in a convex polygon , SO

that 4142 - Ax s divide into™ + 1 parts. Can B182 B have smaller angle than any angle of any such

part? (if this part is not B1B2 - Bm then let us call it an outside polygon)

Answer: Yes, it can.

We shall show that for any ™ and ™ there exists such polygons B1B; B and 4142 An,

mim-1)
o 2 . Construct a convex polygon B1B; . Bim such that <B2B1Bm = -
§ wim—2) o
he / i and other its angles are equal and value of each of them is— T ,—7, where
B Bs wim—2) B

0=a< m__ 1s a parameter. Then draw the lineii‘through each vertex ”i go

Liis not a bisector of <51 and the angle between’i and the side Bi-1F% s equal

B B mim—2) o

T
P
&

2m 2{m—-1) for

that

to the angle between' i The side i+1 and equal to 5=

S — T mm- "}
l=2;m;orF=E_

2 for 1 =1 Notice that lines '1and lis1s £ = T,m (if

-

e

t=m=lj4 = '51) intersect (because the sum of inner angles between these lines

2 ==

i+1is equal either to orto¥ + 8 < ™). The point of intersection and the polygon

T
B1Bz B are in different semiplanes relatively the lineB:Fis1 (E ¥ = 2). Denote

Ai=LNlgpi=lmi=m= lisg = 'Ii). Thus we see that 5152 - Bm i inscribed in a convex
polygon"fll*'!12 e

Now let us show that for any ™ = 3 there exists such @ that £82518m < =
wlm — 2) :_:ﬂ.' w{m —2) s

m YT 27 " 2m 2m-1D°

2Zrm—dr—-2em<smm—mm+2r—o

=
m—1

Q(Em— n )}Zﬁm—ﬁﬁﬁ
m-—1
2m—3

am _1:=-21r(m—3jt:::



2r{im—3)m —1)
m{2m — 3)

2rlm-3{m-1) _ =lm-1)
Notice that VM = 3, m(2m—3) .50 "M = 3 any value from

2l m—3)im—1) =mim—2)

a€( mitm-31 ' m }can be selected.

Show that for every ™ = 3 there exists such @ that £5251Bm <y =
m(m—2) 7 mwm-—-2) «@
—_— g ———— 4=

m 2 2Zm 2
2rm — 4w — 2am < wm — mm + 21 + am &

2 -3
&= —i'r(m j

Im

Irim—3)(m—-1) __ Zmi{m—3)
Notice that VM = 3, mi2m-3) =, s0 "M =3 @ can be selected from the interval

Imim—3)m—-1] . !rllm—z_ll}
mi2m—-3) ' m

(
We also show that for every™ Z 3 there exists such & that £B3B1 B < £BiAiBi41,
i=2m—-1
éB:Bj_Bm =TT — ZJE =

Mm2)_ o eg—pemmd, @
m m m—1
(4
&= itstrue 7% 0,

Finally, let us show that for any™ = 3 there exists such @ that £582518m = £B:4: 8144
i=1lme=
EB1B BT —fi—y =

m:m—zjl_ oo T — E_l_ wim—2) ? o b mim—2 = -
m 2 2m 2im—-1) 2 2m 2
— _x _ &
2(m-1) 2z .it’strue Ve =0
Thus we proved that for any ™ we can choose such value of % that £B2B1Bm will be smaller than
Agds AL

any angle of any outside triangle in
Let us call the next algorithmzhe operation C with “ABC of

AABC Mark points X and ¥ on sides A5 and BC respectively with the

conditionXB = BY (lengths of & and BY cap be infinitesimal). Then we

B

X draw the segmentX ¥ and obtain angles
N LAXY = £(CYX =m— £BYX = £ABC + +£BXY = £ABC Tgke angles
£AXY, £CFX g 4 result of the operation.

Now do the operationC with LBEAEBE, for example. As a result
we obtain greater angles than an original. Therefore they are greater than

£B3818m et X and ¥ be new vertices of a circumscribed polygon instead 042, So we have a described
over B152 wBm convex polygon with™ T 1 vertices. If we use the same operation with one of the

received angles then we obtain a convex polygon witl"™ + 2 vertexes. If we do so again and again then
we can obtain any an arbitrary of angles of a described polygon (we can do so indefinitely many times

because the lengths ofAB and BY ¢4 pe infinitesimal). But<52515m can be smaller than any received

angle due to the properties ofthe operation C.®



